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Ultracold interacting atoms are an excellent tool to study correlation functions of many-body sys-
tems that are generally eluding detection and manipulation. Herein, we investigate the ground state
of bosons in a tilted triple-well potential and characterize the many-body state by the eigenvalues of
its reduced one-body density matrix and Glauber correlation functions. We unveil how the interplay
between the interaction strength and the tilt can be used to control the number of correlated wells
as well as the fragmentation, i.e. the number of macroscopic eigenvalues of the reduced one-body
density matrix.
Introduction The successful experimental realization
of Bose-Einstein condensation in gases of ultracold rubid-
ium atoms in periodic potentials, so-called optical lat-
tices [1, 2], has provided a powerful platform to study
numerous exotic quantum many-body phenomena [3–5].
The dimensionality and depth of the wells of the lattice
can be experimentally tuned to control the configuration
of particles. Remarkably, also the atom-atom interac-
tions can be tuned via Feshbach resonances [6–8].
Due to this impressive degree of experimental con-
trol, ultracold atoms in optical lattices can be used to
mimic condensed matter systems and allow to simulate
and probe their phase transitions [3, 9–12]. Addition-
ally, direct imaging of quantum many-body correlations
is feasible: one-, two-, and even many-body correlations
have already been detected [13–16].
Owing to its long decoherence time, the many-body
state of ultracold atoms can provide a means to cache
correlations and entanglement arising in quantum infor-
mation processing [17]. For this purpose protocols to
control and quantify correlations in the many-body state
of ultracold atoms are necessary [18]. Here, ultracold
bosons in triple-well potentials provide a candidate sys-
tem. Some of their many-body aspects have been previ-
ously studied [19–21]; however, a scheme to control the
emergent correlations still needs to be devised.
We work out such a protocol for the management of
correlations by including the tilt of the optical lattice
as a control parameter. A tilted lattice can routinely
be achieved in the laboratory by superimposing a mag-
netic bias field to the optical potential. The inclusion of
the tilt widens the spectrum of controllable parameters
and enriches the emergent physics. For instance, Ising
density wave order and the appearance of superfluidity
in transverse directions of a system of ultracold charged
bosons confined in a lattice with a tilt were described in
Ref. [22]. Ref. [23] demonstrates that some eigenstates in
the spectrum of neutral bosons confined in a tilted one-
dimensional lattice exhibit localization and are robust
against external perturbations. Furthermore, Ref. [24]
shows that the tilt is a source of quantum decoherence for
macroscopic quantum superpositions in ultracold atoms
in a tilted well.
In this Letter, we study the many-body correlations in
the ground state of interacting ultracold bosonic atoms
in a tilted triple-well potential by solving the corre-
sponding Schro¨dinger equation using the multiconfigu-
rational time-dependent Hartree for bosons (MCTDHB)
approach.
We use the reduced density matrix (RDM) of the
many-body state to quantify correlations. The system
is said to be coherent and condensed if only one eigen-
value of the RDM is macroscopic [25] and is said to be
correlated and fragmented if multiple eigenvalues of the
RDM are macroscopic [26, 27]. To get a spatially resolved
understanding of the emergent correlations, we com-
pute the Glauber first-order correlation function from the
RDM [28]. We study the emergence of correlations and
fragmentation in the many-body system as a function of
the interaction strength and the tilt of the triple well.
Our results unravel an intriguing interplay between the
tilt of the lattice potential and the strength of the inter-
particle interactions. We demonstrate how this interplay
can be exploited to manage the correlations and fragmen-
tation of many-boson systems in tilted optical lattices to
a large extent.
Method The properties of ultracold bosonic many-
body systems are described by the time-dependent many-
body Schro¨dinger equation for interacting and indistin-
guishable bosonic particles. Commonly, the many-body
problem is solved by the mean-field Gross-Pitaevskii ap-
proximation [29, 30] or the Bose-Hubbard model [3, 12].
In the Gross-Pitaevskii picture the RDM has only a sin-
gle eigenvalue and hence correlations and fragmentation
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2– pivotal in the superfluid to Mott-insulator phase tran-
sition [3, 12] – cannot be captured. In the Bose-Hubbard
model a fixed basis set of Wannier states is utilized.
Albeit being an apt choice for regular lattices, a Wan-
nier basis may not be optimal for tilted lattices because
the tilt renders the shape of the site-local single-particle
states different from Wannier functions. The MCTDHB
theory optimizes variationally both the basis set and the
expansion coefficients in that basis set (see [31, 32] and
references therein); its solutions thus assume no prede-
termined symmetry or shape of the described many-body
state. Therefore, we use MCTDHB to obtain an op-
timized problem-adapted basis to investigate tilted lat-
tices. MCTDHB is in principle exact [33, 34], can de-
scribe both coherent and fragmented condensates, and
includes the GP theory as an extreme case when only one
single-particle state is considered; see Refs. [32, 35, 36]
and Supplemental Material [37] for details on MCTDHB.
The N -boson state |Ψ〉 is governed by the time-
dependent Schro¨dinger equation
i∂t|Ψ〉 = Hˆ|Ψ〉, (1)
with the Hamiltonian
Hˆ(x1, x2, ..., xN ) =
N∑
j=1
hˆ(xj) +
N∑
k>j=1
Wˆ (|xj − xk|). (2)
We compute the ground state of the Hamiltonian in
Eq. (2) by propagating Eq. (1) in imaginary time to
damp out any excitation in the one-dimensional many-
body system. Here, xj represents the position of the
jth boson, hˆ is the single-particle Hamiltonian hˆ(x) =
Tˆ (x) + Vˆtrap(x); Tˆ (x) and Vˆtrap(x) are the usual kinetic
and external potential energy, respectively. Interactions
of ultracold dilute bosonic gases are typically modeled us-
ing a Dirac-delta distribution: Wˆ (xj−xk) = λ0δ(xj−xk).
Here, λ0 is referred to as the strength of interactions. We
scale λ0 with the particle number as λ = λ0(N − 1). In
Eqs. (1),(2) and the remainder of this work dimensionless
units are employed [43].
We consider N = 90 interacting bosons in a trap of the
form
Vtrap(x) = −αx+ V0 sin4(kx) + fw(x). (3)
Here α is the tilt and V0 the barrier height. We fix k = 2
for the lattice spacing. The term fw(x) introduces quasi-
hard-wall boundary conditions [45]. The tilt αx renders
the trapping potential similar to that of charged particles
in a constant electric field and can be realized by applying
a magnetic field gradient to ultracold neutral bosons in
a lattice. The potential is plotted in Fig. 1(a) for α ∈
[0, 16].
The one-body reduced density matrix of the N -boson
FIG. 1. Potential and density as a function of the tilt. (a)
shape of the triple well Vtrap(x) for V0 = 180, λ = 6 and
various tilts α and (b) corresponding density ρ(x) for the same
α, ranging from α = 0 to α = 16 (see color code/gray-scale).
state |Ψ(t)〉 is defined as:
ρ(1)(x, x′) = 〈Ψ|Ψˆ†(x′)Ψˆ(x)|Ψ〉 =
∑
i
niφ
∗
i (x
′)φi(x),
(4)
in its eigenbasis {φi(x)} [46, 47]. Here ni is the ith eigen-
value and φi(x) the corresponding eigenfunction, also
known as natural occupation and natural orbital, respec-
tively. The diagonal of ρ(1) corresponds to the single-
particle probability distribution ρ(x). A BEC is con-
densed if its RDM has only a single macroscopic eigen-
value [25] and k-fold fragmented, if its RDM has k macro-
scopic eigenvalues. The first-order coherence of a con-
densed state is maintained everywhere in space. There-
fore, the value of the first occupation n1N ≈ 1 (n1N < 1) is
also indicative of the (loss of) coherence of the state (see
Eq. (5) below).
Results For our numerical calculations, we use M = 3
one-dimensional single-particle basis functions and con-
sider N = 90 particles. We also tested M > 3 for con-
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FIG. 2. Fragmentation as a function of the tilt of the lat-
tice. The natural occupations ni
N
are shown as a function of
the tilt α for barrier heights V0 = 80 [V0 = 180] in (a),(b)
[(c),(d)]. Panels (a),(c) [(b),(d)] correspond to interaction
strength λ = 6 [λ = 20]. In all panels, the blue line with
circles represents n1
N
, the red line with circles represents n2
N
,
and the green line with circles represents n3
N
. For all depicted
parameters, fragmentation gradually diminishes with increas-
ing tilt α; for large tilts, the state hence becomes coherent and
the occupation numbers obtained are n1
N
≈ 1; n2
N
≈ n3
N
≈ 0.
All quantities shown are dimensionless, see text for further
discussion.
vergence; see Ref. [37]. For the present computations
we use the MCTDH-X implementation of the MCTDHB
theory [35, 36, 48].
We start our investigation by plotting the one-body
density ρ(x) in Fig. 1(b) as a function of the tilt α. The
effect of the tilt on the density ρ(x) is intuitive: as α
increases the density of the atoms is gradually forced
downhill and ρ(x) is localized mostly at the rightmost
well where the potential energy is minimal for α > 0.
We chose the values of the interaction strength (λ = 6)
and barrier height (V0 = 180) such that the ground state
is threefold fragmented in the absence of tilt (α = 0). To
assess the impact of the barrier height and the interaction
strength on the properties of the many-body state, we ad-
ditionally consider a larger interaction strength, namely
λ = 20, and a moderate barrier height, namely V0 = 80.
To quantify the fragmentation, coherence, and correla-
tion properties of the many-boson system we discuss the
behavior of the natural occupations, niN , as a function of
the tilt α [cf. Eq. (3)], see Fig. 2.
For moderate barrier height, V0 = 80, and no tilt,
α = 0, the bosons are not completely fragmented, i.e.,
n1
N > 60% and
n2,3
N < 20%, for both small and large
interaction strengths (λ = 6 and λ = 20). This is in
contrast to the entirely threefold fragmented state found
for V0 = 180 with
n1
N ≈ n2N ≈ n3N ≈ 33.33% [cf. Fig. 2,
panels (a),(b) and Fig. 2, panels (c),(d)]. We conclude
that, at zero tilt, fragmentation can be tuned by the bar-
rier height alone. As α grows larger so does the first
natural occupation, n1N → 1, while the other two natural
occupations decrease, i.e.
n2,3
N → 0, see Figs. 2(a) and
(b).
At large barriers, V0 = 180, and moderate interactions
λ = 6, the state exhibits threefold fragmentation at α =
0. As α increases past a threshold value of α ≈ 7.5, the
state becomes coherent with n1N ≈ 1, n2N ≈ n3N ≈ 0, see
Fig. 2(c). Interestingly, the second natural occupation n2N
remains constant up to tilts as large as α ≈ 2, while n3N
starts to drop from 13 to 0 already at α ≈ 0. For α > 2, n2
falls off gradually and vanishes at α ≈ 7.5 [see Fig. 2(c)].
Beyond this tilt the density is almost exclusively localized
in the rightmost well. For larger barriers, V0 = 180, and
moderate interactions, λ = 6, an increasing tilt α thus
triggers a transition from a fully threefold fragmented to
a fully condensed state, i.e., the tilt can be used to control
fragmentation.
For larger interactions, λ = 20, and a large barrier
height, V0 = 180, the transition between a fragmented
and a depleted state is still found, however, at larger
tilts α [compare Figs. 2(c) and (d)].
We have verified that the above findings for the natu-
ral occupations and the fragmentation of the state also
hold for the case of long-range interactions of the form
Wˆ (rj − rk) = λ0/(|xj −xk|3 + ∆3). The natural occupa-
tions follow the same pattern as their contact-interaction
counterparts, but the restoration of coherence seems to
happen at even larger values α as compared to the case of
contact interactions. This demonstrates the sharper ef-
fect of long-range interactions on the fragmentation, see
Supplemental Material [37]. We thus conclude that the
tilt of the triple well can be used to tune the many-body
state from fragmented to condensed.
To obtain a spatially resolved picture of the correla-
tions between the atoms in the many-body state that
are triggered by a specific trap geometry, we study the
behavior of the first-order correlation function,
|g(1)(x, x′; t)|2 =
∣∣∣∣∣ ρ(1)(x, x′; t)√ρ(1)(x, x; t)ρ(1)(x′, x′; t)
∣∣∣∣∣
2
. (5)
The value |g(1)(x, x′; t)|2 marks the first-order coher-
ence between the points x and x′ (|g(1)(x, x′)|2 ≈ 1) or
its absence (|g(1)(x, x′)|2 ≈ 0) in the state |Ψ〉 [28]. In the
following, we use the term inter-well coherence if x is in
the vicinity of a different minimum of Vtrap than x
′ and
|g(1)(x, x′)|2 ≈ 1 holds. Moreover, we use the term intra-
well coherence if |g(1)(x, x′)|2 ≈ 1 holds for coordinates
x and x′ that are both in the vicinity of the same mini-
4FIG. 3. Spatially tracing correlations between the bosons in
the triple well as a function of the tilt and barrier height.
The first-order normalized correlation function |g(1)(x′, x)|2
is visualized as a function of α wherever the density is larger
than a threshold value, i.e., where ρ(1)(x, x) > 0.01 and
ρ(1)(x′, x′) > 0.01. See labels for the respective values of
the barrier height V0 and the tilt α and text for discussion.
mum. We plot |g(1)|2 for various tilts (α = 0, 2.5, 6.5, 16),
barrier heights (V0 = 80, 180) and interaction strengths
(λ = 6, 20) in Fig. 3.
We first discuss the correlation function for a moderate
barrier height, V0 = 80, in Fig. 3(a)–(h). At a small inter-
action strength (λ = 6), coherence between different wells
persists since |g(1)(x, x′)|2 is significantly larger than zero
at off-diagonal values x 6= x′ for all tilts, Fig. 3(a)–(d).
For larger interaction strengths (λ = 20), inter-well co-
herence is absent for no tilt (α = 0), Fig. 3(e). As the tilt
increases, inter-well coherence between populated neigh-
boring wells is gradually restored, see Fig. 3(a)–(d) for
λ = 6 and Fig. 3(f)–(h) for λ = 20: |g(1)(x, x′)| gradu-
ally grows towards unity for values x 6= x′. We note that
a tilt-driven localization takes place for larger tilts, cf.
white areas in Fig. 3(c),(d),(h) and Fig. 1(b).
The effect of interactions is to merely diminish the
inter-well coherence, cf. Fig. 3 (a)–(d) and (e)–(h): the
value of |g(1)(x, x′)|2 is generally closer to unity on the
off-diagonal x 6= x′ for small interactions [Fig. 3 (a)–(d)]
as compared to larger interactions [Fig. 3 (e)–(h)].
We thus demonstrate that an increase of the tilt, at
a fixed interaction strength, assists inter-well coherence
of bosons in neighboring wells, while an increase of the
interaction strength, for fixed moderate barrier heights,
diminishes inter-well coherence.
We now analyze the correlations for larger barrier
heights (V0 = 180), Fig. 3(i)–(p). For zero tilt and
in comparison to moderate barrier heights, inter-well
coherence is completely lost at large barrier heights,
|g(1)(x, x′) ≈ 0|2 for x 6= x′ in Fig. 3(i),(m).
By comparing the correlations at moderate barrier
heights to the correlations at larger barrier heights, we
find – as expected – that a larger value of V0 increases
the degree of localization of the system. This is true,
independently of the interparticle interaction strength;
compare first and third as well as second and fourth row
of Fig. 3.
As for moderate barrier heights, a restoration of co-
herence is also seen as the tilt α is increased for larger
barriers V0. However this restoration of coherence is of
different nature than in the case of moderate barriers:
for large barriers a revival of the next-to-nearest neigh-
bors coherence is seen, while the nearest neighbors re-
main incoherent, see Fig. 3(j) for weak interactions and
Fig. 3(o) for strong interactions. This is a qualitative dif-
ference to the case of moderate barrier heights, where the
restoration of coherence as the tilt increases is limited to
neighboring sites in the lattice.
The effect of stronger interactions is, one, to defer the
restoration of coherence to larger tilts (from α = 2.5 for
λ = 6 to α = 6.5 for λ = 20) and, two, to shift the tilt-
driven localization of the bosons to larger tilts. At α = 16
(6.5) two (three) wells are still populated for λ = 20 as
opposed to λ = 6 where only two (one) well is populated.
We assess the generality of our findings for the coher-
ence properties for long-range interactions in the Supple-
mental Material [37]. The inclusion of long-range inter-
actions favors the fragmentation of the BEC for a larger
barrier height. We find that our main conclusions for
short-ranged interactions hold also for the case of long-
ranged interactions.
Conclusions Our analysis has shown intriguing fea-
tures of the first-order correlation and coherence of
bosons in a tilted triple well. Given the ease in defin-
ing the system parameters in experimental setups with
ultracold bosons, our work provides a protocol to man-
age the coherence of the many-body state: a variety of
correlation patterns is accessible simply by appropriately
choosing the interaction strength, potential depth and
tilt. Superfluid states – associated with condensation –
can be created either localized in one well or delocalized
across all wells. Mott-insulating states – associated with
fragmented systems – with a customized particle num-
ber imbalance between distinct wells can also be pre-
pared. The superfluid fully coherent state and the Mott-
insulating fully incoherent phase represent extreme cases.
Fig. 3 illustrates how intermediate degrees of correlation
can also be achieved. The counter-intuitive revivals of co-
herence between next-to-nearest neighboring sites seen in
panels (j) and (o) of Fig. 3 hint that even a management
of non-local correlations is possible, if the control on the
tilt and interaction strength is sufficiently accurate.
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